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A Construction of Two-dimensional Buchsbaum Simplicial Complexes
KATSUYUKI HANANO
We construct two-dimensional Buchsbaum complexes with certain lower bounds on the f -vectors
(or equivalently h-vectors) of Buchsbaum complexes obtained by Terai [8].
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1. INTRODUCTION
It is of great interest to find a combinatorial characterization of the f -vectors (or equiva-
lently h-vectors) of simplicial complexes (or equivalently Stanley–Reisner rings).
In the 1960s, Kruskal [4] and Katona [3] characterized the f -vector of a simplicial complex
independently.
Given positive integers f and i , we see that f can be uniquely written in the form
f =
(
ni
i
)
+
(
ni−1
i − 1
)
+ · · · +
(
n j
j
)
,
where ni > ni−1 > · · · > n j ≥ j ≥ 1. We define
f 〈i〉 =
(
ni + 1
i + 1
)
+
(
ni−1 + 1
i
)
+ · · · +
(
n j + 1
j + 1
)
,
0〈i〉 = 0.
In this notation, we have the following classical result.
THEOREM 1.1 ([7]). Let h = (h0, h1, . . . , hd) be a sequence of integers. Then the follow-
ing conditions are equivalent.
(1) The vector h is the h-vector of some (d − 1)-dimensional Cohen–Macaulay simplicial
complex over a field.
(2) h0 = 1 and 0 ≤ hi+1 ≤ h〈i〉i for 1 ≤ i ≤ d − 1.
The h-vector satisfying the above equivalent conditions is called an O-sequence.
Then it is very natural to try to find a combinatorial characterization of the h-vectors (or
equivalently f -vectors) of Buchsbaum simplicial complexes, which is an open problem pre-
sented by Takayuki Hibi. In 1995, Naoki Terai gave a necessary condition for a sequence of
integers to be the h-vector, that is:
Let 1 be a (d − 1)-dimensional Buchsbaum simplicial complex over a field, where d ≥ 2,
and h(1) = (h0, h1, . . . , hd) its h-vector. Then we have the inequalities: dhd + hd−1 ≥ 0,
and so on.
(We need only this inequality for our paper. For more details on the whole set of inequalities,
see Theorem 0.4 in [8].)
Then Naoki Terai posed the following conjecture which gave the equivalent conditions for
the h-vector of some Buchsbaum simplicial complex. Let k[1] denote the Stanley–Reisner
ring.
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CONJECTURE 1.2 ([8]). Let h = (h0, h1, . . . , hd) be a sequence of integers, where d ≥ 2,
and let k be a field. Then the following conditions are equivalent.
(1) There exists a (d − 1)-dimensional Buchsbaum simplicial complex 1 with dim k[1]−
depth k[1] ≤ 1 such that h = h(1).
(2) (h0, h1, . . . , hd−1) is an O-sequence and − 1d hd−1 ≤ hd ≤ h
〈d−1〉
d−1 holds.
The result due to Terai shows that condition (1) implies condition (2) (refer to [8] for de-
tails). However, it is still unknown whether (2) implies (1) even in the case where d = 3. In [8]
Terai constructed a two-dimensional Buchsbaum complex with v vertices (for certain values
of v) whose h-vector satisfies h2 = h〈1〉1 and h3 = d−13 h2e. The f -vector of such a com-
plex is called a lower bound sequence. Our main result is a construction of two-dimensional
Buchsbaum complexes with v vertices (for any value of v) whose f -vectors form lower bound
sequences. The construction is presented in Section 4, and the proof of its correctness is given
in Section 5.
2. PRELIMINARIES
We provide some basic notions on simplicial complexes, commutative algebra and homo-
logical algebra for applications to combinatorics according to [1, 2, 5, 6, 8].
Let #(A) denote the cardinality of a set A and k be a field. N (resp. Z) denotes the set of
non-negative integers (resp. integers).
A simplicial complex 1 on a finite set V = {x1, x2, . . . , xv} is a collection of subsets σ of
V satisfying the following conditions:
(1) {xi } ∈ 1 for all xi ∈ V ,
(2) σ ∈ 1 and τ ⊂ σ ⇒ τ ∈ 1,
(3) ∅ ∈ 1, where ∅ is the empty set.
Each element σ of 1 is called a face or simplex. If #(σ ) = i + 1, then σ is called an i-face
or i-simplex. We define dim σ = #(σ )− 1 and dim1 = max{dim(σ )|σ ∈ 1}.
A simplicial complex1 of dimension d is said to be pure if every maximal (with respect to
inclusion) face is of dimension d .
For σ1, . . . , σ j ∈ 1, we say that a simplicial complex 1 is spanned by {σ1, . . . , σ j } if
1 = 2σ1 ∪ · · · ∪ 2σ j . Here 2σi = {τ |τ ⊆ σi }, 1 ≤ i ≤ j .
We shall define the f -vectors and h-vectors of simplicial complexes1. If a simplicial com-
plex 1 has dim1 = d − 1, then we write fi = fi (1), 0 ≤ i ≤ d − 1, for the number of
i-faces of 1. We call a sequence f (1) = ( f0, f1, . . . , fd−1) the f -vector of 1. Here we set
f−1 = 1 and define the integers hi = hi (1), 0 ≤ i ≤ d , by the following polynomial:
d∑
i=0
fi−1(x − 1)d−i =
d∑
i=0
hi xd−i .
We call a sequence h(1) = (h0, h1, . . . , hd) the h-vector of 1.
Hence, we may consider the f -vectors in place of h-vectors.
Fix a field k and let1 be a simplicial complex of dimension d−1 with v vertices x1, x2, . . . , xv .
Here we identify x1, x2, . . . , xv with the indeterminates over k. Let R = k[x1, x2, . . . , xv] =
⊕n≥0 Rn be the polynomial ring in v variables over k with the standard grading. We define
the graded ideal I1 of R as the ideal generated by square-free monomials xi1 xi2 . . . xir ,
1 ≤ i1 < i2 < · · · < ir ≤ v, with {xi1 , xi2 , . . . , xir } /∈ 1. The quotient algebra k[1] =
R/I1 = ⊕n≥0(k[1])n is called the Stanley–Reisner ring of 1.
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Let the quotient vector space H˜i (1; k) denote the i th reduced homology group of 1 with
coefficients in k. The following properties are well known.
(i) If 1 6= {∅} then H˜−1(1; k) = (0).
(ii) If 1 = {∅} (simplicial complex of dimension −1) then
H˜i (1; k) ∼=
{
k (if i = −1)
(0) (otherwise).
For a face σ of1, we define a subcomplex link1(σ ) = {τ ∈ 1|σ ∩ τ = ∅, σ ∪ τ ∈ 1} and
set link1(∅) = 1.
A simplicial complex1 is called Cohen–Macaulay (resp. Buchsbaum) over an infinite field
k if the Stanley–Reisner ring k[1] is Cohen–Macaulay (resp. Buchsbaum).
THEOREM 2.1 ([5]). A simplicial complex1 is Buchsbaum over a field k if and only if the
following conditions are satisfied:
(1) 1 is pure,
(2) H˜l(link1(σ ); k) = 0, for every σ(6= ∅) ∈ 1, and l < dim link1(σ ).
It is well known that a simplicial complex 1 of dimension d − 1 is Cohen–Macaulay over
k if and only if 1 is Buchsbaum over k and H˜l(1; k) = 0 for each l < d − 1.
Let us define the i -skelton 1i of 1 as follows:
1i = {σ ∈ 1| dim σ ≤ i}.
PROPOSITION 2.2 ([1], COROLLARY 2.6). The depth of k[1] is equal to the largest value
of j for which the ( j − 1)-skelton 1 j−1 is Cohen–Macaulay.
3. A LOWER BOUND SEQUENCE
Let d = 3, and h = (h0, h1, h2, h3) be the h-vector of a two-dimensional Buchsbaum
simplicial complex. From Conjecture 1.2 (2), the h-vector satisfies the following:
(i) (h0, h1, h2) is an O-sequence, that is, h0 = 1, and 0 ≤ h2 ≤ h〈1〉1 and
(ii) −13 h2 ≤ h3 ≤ h
〈2〉
2 .
Now it is easier to treat the f -vector rather than h-vector. So we rewrite the above inequal-
ities using the f -vector.
We get the following equations from the definition of the h-vector:
h0 = 1, h1 = f0 − 3, h2 = f1 − 2 f0 + 3, h3 = f2 − f1 + f0 − 1.
Hence we have the following inequalities of the f -vector:
(i)′ 2 f0 − 3 ≤ f1 ≤ 12 f0( f0 − 1) and
(ii)′ 13 (2 f1 − f0) ≤ f2 ≤ ( f1 − 2 f0 + 3)〈2〉 + f1 − f0 + 1.
Now we consider the case where the number of the 1-faces is as large as possible and that
of the 2-faces is as small as possible, because we want to construct a Buchsbaum simplicial
complex. So we take
f1 = 12 f0( f0 − 1),
f2 = 13 (2 f1 − f0) =
1
3
f0( f0 − 2) if f0 ≡ 0, 2 (mod 3) and
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f2 = 13 ( f0 − 1)
2 if f0 ≡ 1 (mod 3)
from (i)′ and (ii)′.
In the above we will call the f -vector a lower bound sequence.
DEFINITION 3.1. We call the sequence(
f0, 12 f0( f0 − 1),
1
3
f0( f0 − 2)
)
if f0 ≡ 0, 2 (mod 3)(
f0, 12 f0( f0 − 1),
1
3
( f0 − 1)2
)
if f0 ≡ 1 (mod 3)
a lower bound sequence.
REMARK. Let n be a natural number and dae = min {m ∈ Z | m ≥ a} for a real number a.
Terai considered the boundary of h1 on h-vectors and called the sequence(
1,
⌈−1+√24n + 1
2
⌉
, 3n,−n
)
a lower bound sequence.
This is the first case in our definition above. Therefore our definition of a lower bound
sequence is more extensive than Terai’s.
Terai posed a question, which is a special case of Conjecture 1.2: ‘Are all lower bound se-
quences the h-vector of Buchsbaum complexes?’ And he constructed some two-dimensional
Buchsbaum complexes whose h-vectors are lower bound sequences below.
For simplicity, fix the vertex set V = {1, 2, . . . , v}, where v > 3.
THEOREM 3.2 ([8]). Let 1 be the simplicial complex which is spanned by
S = {{a, b, a + b} | 1 ≤ a < b, a + b ≤ v}
∪{{a, b, c} | 1 ≤ a < b < c ≤ v, a + b + c = 2v + 1}.
If 2v + 1 is a prime number, then 1 is Buchsbaum and
f (1) =
(
v,
v(v − 1)
2 ,
v(v − 2)
3
)
,
h(1) =
(
1, v − 3, (v − 2)(v − 3)2 ,−
(v − 2)(v − 3)
6
)
, which is a lower bound sequence.
However, his construction needs some restrictions: 2v + 1 is a prime number, and v ≡ 0, 2
(mod 3). The purpose of this paper is to give three examples for v ≡ 0, 1, 2 (mod 3) for
any value of v.
4. MAIN RESULTS
MAIN THEOREM (I). Put the vertex set V = {0, 1, . . . , v − 1}, where v > 2, and v 6≡ 1
(mod 3). Let 1 be the simplicial complex which is spanned by S, where
S = {{i, i + n, i + 2n} | 0 ≤ i ≤ 3n − 1}
∪{{i, i + n, i + j} | 0 ≤ i ≤ 3n − 1, n + 1 ≤ j ≤ 2n − 1},
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when v = 3n and
S = {{i, i + 1, i + 3 j + 2} | 0 ≤ i ≤ 3n + 1, 0 ≤ j ≤ n − 1},
when v = 3n + 2, n ∈ N .
Here p¯ stands for q ∈ V with p ≡ q (mod v).
Then 1 is Buchsbaum and
f (1) =
(
v,
v(v − 1)
2
,
v(v − 2)
3
)
, which is a lower bound sequence.
h(1) =
(
1, v − 3, (v − 2)(v − 3)
2
,− (v − 2)(v − 3)
6
)
.
MAIN THEOREM (II). Put the vertex set V = {∞, 0, 1, . . . , v − 2}, where v > 2, and
assume v = 3n + 1, n ∈ N . Let 1 be the simplicial complex which is spanned by
S = {{∞, i, i + 1} | 0 ≤ i ≤ 3n − 1}
∪{{i, i + 1, i + 3 j} | 0 ≤ i ≤ 3n − 1, 1 ≤ j ≤ n − 1},
where p¯ stands for q ∈ V with p ≡ q (mod v − 1).
Then 1 is Buchsbaum and
f (1) =
(
v,
v(v − 1)
2
,
(v − 1)2
3
)
, which is a lower bound sequence.
h(1) =
(
1, v − 3, (v − 2)(v − 3)
2
,− (v − 1)(v − 4)
6
)
.
The essential part of verification that 1 is Buchsbaum is only to prove that link1(0) is
connected from the construction of 1 in the above three types of Main Theorems for 0 ∈ V .
This point of view gives us the advantage of these constructions.
5. PROOF OF MAIN THEOREMS
In this section we give a proof to the Main Theorem (II), which is a particularly interesting
case. We can prove the other two cases in a similar way.
(1ST STEP) We determine the f -vector and h-vector. We can easily see that if {∞, q, r} and
{s, t, u} ∈ 1, then {∞, q + 1, r + 1} and {s + 1, t + 1, u + 1} ∈ 1 from the construction of
1. Therefore we only consider the case i = 0 in 1.
We put
S(1) = {{∞, i, i + 1}|0 ≤ i ≤ 3n − 1} and
S(2) = {{i, i + 1, i + 3 j}|0 ≤ i ≤ 3n − 1, 1 ≤ j ≤ n − 1}.
Now we calculate the number of the 2-faces containing 0 as a vertex.
Clearly we have #(2-faces in S(1)) = 3n.
We consider 2-faces {i, i + 1, i + 3 j} containing 0 as a vertex in S(2).
If i = 0, that is i = 0 then i + 1 = 1, i + 3 j = 3 j . So we see #(2-faces with i = 0 in
S(2)) = n − 1.
If i + 1 = 0, that is i = 3n − 1 then i + 3 j = 3 j − 1. So we see #(2-faces with i + 1 = 0
in S(2)) = n − 1.
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If i + 3 j = 0, that is i = 3n − 3 j then i + 1 = 3n − 3 j + 1. So we see #(2-faces with
i + 3 j = 0 in S(2)) = n − 1.
Hence, we have #(2-faces containing 0 as a vertex in S(2)) = 3(n − 1).
The number of the vertices is 3n (except∞) and each 2-face has 3 vertices, therefore we
have #(2-faces in S(2)) = 3n(n − 1).
It is clear that S(1) ∩ S(2) = ∅, hence we have f3 = 3n + 3n(n − 1) = 3n2 = (v−1)23 .
We can see an edge {x, y} ∈ 1 for every vertex {x}, {y} ∈ V because link1(∞) and
link1(0) contain all the vertices except of∞ and 0. Therefore we have f1 =
(
v
2
)
= v(v−1)2 .
Consequently, We obtain
f (1) =
(
v,
v(v − 1)
2
,
(v − 1)2
3
)
and
h(1) =
(
1, v − 3, (v − 2)(v − 3)
2
,− (v − 1)(v − 4)
6
)
.
(2ND STEP) We prove that1 is Buchsbaum. From the construction of1, it is clear that1 is
pure. Therefore we must show that the reduced simplicial homology group H˜l(link1(σ ); k) =
0 for every σ(6= ∅) ∈ 1 and l < dim link1(σ ).
If σ ∈ 1 is a 2-face, then we have dim link1(σ ) = −1 because of link1(σ ) = ∅. Hence it
holds H˜l(link1(σ ); k) = 0 for each l < dim link1(σ ). Therefore this case is complete.
If σ ∈ 1 is a 1-face, then we have dim link1(σ ) = 0 since link1(σ ) consists of vertices in
1. Hence it holds that H˜l(link1(σ ); k) = 0 for each l < dim link1(σ ). Therefore this case is
complete.
If σ ∈ 1 is a 0-face, then we have dim link1(σ ) = 1 since link1(σ ) consists of edges
in 1. Therefore we have only to prove H˜0(link1(σ ); k) = 0, that is, link1(σ ) is connected.
Consequently, we show that link1({x}) is connected for every vertex {x} ∈ V . In this case, we
certify that link1(∞) and link1(0) are connected as mentioned previously at the beginning
of this proof. We can easily see the structure of link1(∞) and link1(0) as follows from the
definition of 1.
0
3n−1
3n−2
2n
1
2
n
link∆ (∞)
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link∆ (0)
2 4
5 7
3
6
...
...
...
... 3n − 1 ∞ 1
...
...
...
...
...
...
...
...
...
...
...
3n−33n−4 3n−2
(3RD STEP) Finally the following presents the confirmation that this example satisfies the
condition dim k[1] − depthk[1] ≤ 1.
We have dim k[1] = d = 3 and depth k[1] = 2 which is given below.
Let 11 be the 1-skelton and we show H˜l(link11(σ ); k) = 0 for every σ (including σ = ∅)∈ 11 and l < dim link11(σ ).
If σ ∈ 11 is an empty face, then we have dim link11(σ = ∅) = 1 as link11(σ = ∅) = 11.
Therefore we have only to show H˜0(11; k) = 0, namely, 11 is connected. But it is clear
because link1(∞) and link1(0) are connected, that is, arbitrary 2 vertices in V construct
edges in 1.
If σ ∈ 11 is a 1-face, then it holds H˜l(link11(σ ); k) = 0 for each l < dim link11(σ ) by the
proof as mentioned above.
If σ ∈ 11 is a 0-face, then we have dim link11(σ ) = 0 because link11(σ ) consists of
vertices in 11. Hence it holds that H˜l(link11(σ ); k) = 0 for each l < dim link11(σ ).
Therefore we see that11 is Cohen–Macaulay and have depth k[1] ≥ 2. On the other hand,
h3 is negative, so k[1] is not Cohen–Macaulay from Theorem 1.1. Consequently, we have
depthk[1] = 2. Therefore this example satisfies the above condition. 
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